Abstract. Antoine studied conditions which are connected to the question of Amitsur of whether or not a polynomial ring over a nil ring is nil, introducing the notion of nil-Armendariz rings. Hizem extended the nil-Armendariz property for polynomial rings onto powerseries rings, say nil power-serieswise rings. In this paper, we introduce the notion of power-serieswise CN rings that is a generalization of nil power-serieswise Armendariz rings. Finally, we study the nilArmendariz property for Ore extensions and skew power series rings.
Introduction
Throughout this note every ring is associative with identity unless otherwise stated. The polynomial ring and the (formal) power series ring with an indeterminate x over a ring R (possibly without identity) are denoted by R [x] and R [[x] ], respectively. Let N * (R) and N (R) denote the upper nilradical (i.e., sum of nil ideals), and the set of all nilpotent elements in R, respectively. Let C f (x) denote the set of all coefficients of given a polynomial or a power series f (x). Z denotes the ring of integers and Z n denotes the ring of integers modulo n. Denote the n by n full (resp., upper triangular) matrix ring over R by M at n (R) (resp., U n (R)). Use e ij for the matrix with (i, j)-entry 1 and elsewhere 0. 
be the direct product of Z 2 j 's for j ≥ 2. Every Z 2 i+1 is ps-Armendariz by [12, Proposition 3.2] , and so R is also ps-Armendariz. Consider
where a(i) j = 2 for j = i + 1 and a(i) j = 0 for j ̸ = i + 1. Then for any k ≥ 1,
In the following example, the ring R, in [2, Example 4.8], is (nil-)Armendariz but not NI and so R is not nil-ps-Armendariz. However, we here prefer a computation to be concerned with the product of power series.
Let K be a field and A = K⟨a, b⟩ be the free algebra generated by the noncommuting indeterminates a, b over K. Let I be an ideal of A generated by a 2 , and R = A/I. Identify a, b with their images in R for simplicity. Then R is (nil-)Armendariz.
Consider two power series f (x) = a − abx and
but abab is non-nilpotent, entailing that R is not NI.
For a ring R and n ≥ 2, let D n (R) be the ring of all matrices in U n (R) whose diagonal entries are all equal, and V n (R) be the ring of all matrices (a ij ) in D n (R) such that a st = a (s+1)(t+1) for s = 1, . . . , n − 2 and t = 2, . . . , n − 1.
Note that for a ring R and n ≥ 2, R is nil ps-Armendariz if and only if D n (R) is a nil-ps-Armendariz ring if and only if V n (R) is a nil-psArmendariz ring, with help of [11, Proposition 2.4(2) 
Properties of power-serieswise CN rings
According to [14 
e., every nilpotent polynomial over R is CN). Every nil Armendariz ring is CN, but not conversely by [14, Example 1] . Similarly, if a ring R is nil-ps-Armendariz then [8, Lemma 2] , but the converse does not hold by [8, Remark 3] . Hence, we define a new class of rings.
], equivalently, whenever any power series
The following diagram shows all implications among the concepts (with no other implications holding, except by transitivity):
The class of ps-CN rings is closed under subrings obviously.
(2) For any ring R and n ≥ 2, M at n (R) is not a ps-CN ring with help of [14, Example 12] .
(3) The class of ps-CN rings is not closed under homomorphic images. For example, R/qR ∼ = M at 2 (Z q ) by the argument in [7, Exercise 2A] , where R is the ring of quaternions with integer coefficients and q is any odd prime integer.
A ring R is said to be of bounded index (of nilpotency) if there exists a positive integer n such that a n = 0 for all a ∈ N (R).
is of bounded index. Then R γ is a ps-CN ring for all γ ∈ Γ if and only if R is ps-CN.
(
2) For a central idempotent e in a ring R of bounded index, a ring R is ps-CN if and only if eR and (1 − e)R are ps-CN rings. (3) If R is a ps-CN ring and I is a nilpotent ideal of R, then R/I is a ps-CN ring.
Proof. (1) We show the necessity for the direct product. Let k be the bounded index of R. Then R γ is also of bounded index ≤ k for each γ ∈ Γ. Assume that every R γ is ps-
. Since every R γ is ps-CN and has the bounded index ≤ k, we obtain a 
, and henceā ∈ N (R) for anyā ∈ Cf (x) , proving that R/I is ps-CN.
The n by n lower triangular matrix ring over R is denoted by L n (R). For any set M of matrices over a ring R, M T denotes the set of all transposes of matrices in M . (1) R is a ps-CN ring;
T is a ps-CN ring;
T is a ps-CN ring.
Proof.
(1)⇔(2) Assume (1) and let n ≥ 2. For a nilpotent ideal
is also a ps-CN ring by Lemma 2.3(3). The converse follows from Remark 2.2(1).
(2)⇒(3)⇒(4)⇒(1) are obvious as subrings.
Given a ring R and an (R, R)-bimodule M , the trivial extension of R by M is the ring T (R, M ) = R ⊕ M with the usual addition and the following multiplication:
This is isomorphic to the ring of all matrices
, where r ∈ R and m ∈ M and the usual matrix operations are used.
Corollary 2.5. Let R be a ring of bounded index. Then R is ps-CN if and only if the trivial extension T (R, R) is ps-CN.
By the same arguments as in Theorem 2.4, we have the following. Proposition 2.6. Let R and S be rings of bounded indexes. For a 
) and let k n = degf 0 + · · · + degf n + 1, where the degree is considered as polynomials in x and the degree of the zero polynomial is taken to be zero. Let g(
, and moreover, the set of coefficients of f i 's equals to the set of coefficients of g(x).
, completing the proof. (
2) If R is a nil-ps-Armendariz ring (i.e., an NI ring) with N (R)[[x]] ⊆ N (R[[x]]), then both R and R[[x]] are ps-CN rings. (3) Let N (R[[x]]) be a subring of R[[x]] for a ring R. Then R is ps-CN if and only if R[[x]] is a ps-CN ring.

Proof. (1) follows immediately from Theorem 3.1. (2) If R is a nil-ps-Armendariz ring with N (R)[[x]] ⊆ N (R[[x]]), then actually N (R[[x]]) = N (R)[[x]] by [8, Lemma 2]. (3) Let N (R[[x]]) be a subring of R[[x]]. For any a ∈ N (R) and nonnegative integer t, ax t is nilpotent. Thus ax t ∈ N (R[[x]]), and so N (R)[[x]] ⊆ N (R[[x]]). Thus, R is ps-CN if and only if R[[x]] is ps-CN by Theorem 3.1.
Recall that an element u of a ring R is right regular if ur = 0 implies r = 0 for r ∈ R. The left regular is defined similarly, and regular means both left and right regular (hence not a zero divisor).
Proposition 3.3. Let ∆ be a multiplicatively closed subset of a ring R consisting of central regular elements. Then R is a ps-CN ring if and only if ∆ −1 R is a ps-CN ring.
Proof. It is enough to show the necessity. Assume that R is ps-CN.
] where a i ∈ R with regular u ∈ R. Then there exists a positive integer k such that (F (x)) k = 0. Since ∆ is contained in the center of R, 
Then the only idempotents of R are ( 0 0 0 0 ) and
and so R is an Abelian ring.
Note that R is not weakly IFP. In fact, ( 2 2 2 2
entailing that R is not weakly IFP.
A ring R is called (von Neumann) regular if for each a ∈ R there exists x ∈ R such that a = axa.
Observe that the ring R of Example 3.5 is not regular. Indeed, for a
Thus uR cannot be generated by an idempotent element, showing that R is not regular. However, we have the following.
Theorem 3.6. Given a regular ring R, the following conditions are equivalent:
(1) R is reduced; (8)⇒(5) Let R be weakly IFP. Assume on the contrary that there exist r, e = e 2 ∈ R with re ̸ = er. Let a = ere − re. Then ea = 0. Since R is regular there exists b ∈ R such that ae = aebae. From ea = 0, we have eba ∈ N (R) since R is weakly IFP. Thus (eba) n = 0 for some positive integer n. But we obtain eba = 0 by the facts ae = a and ea = 0. Hence 0 = eba = aebae = ae, entailing ere = re. Now let c = ere − er, then ce = 0. Since R is regular, there exists d ∈ R such that ec = ecdec. From ce = 0, we have cde = 0 by the similar argument as above, using ec = c. Then 0 = cde = ecdec = ec and so ere = er. Consequently, re = ere = er, a contradiction.
A ring R is called π-regular if for each a ∈ R there exist a positive integer n, depending on a, and b ∈ R such that a n = a n ba n . Regular rings are clearly π-regular. However the preceding results need not hold on π-regular rings. U n (D) (n ≥ 2 and D is a division ring) is ps-CN by Theorem 2.4 and π-regular through a simple computation, but it is neither regular nor Abelian.
Finally, we study the nil-Armendariz property of the Ore extension type and the skew power series ring type.
Recall that for an endomorphism σ of a ring R, the additive map According to Krempa [13] , an endomorphism σ of a ring R is called rigid if aσ(a) = 0 implies a = 0 for a ∈ R. Hong et al. [9] called R a σ-rigid ring if there exists a rigid endomorphism σ of R. Clearly, the endomorphism σ of a σ-rigid ring is a monomorphism.
For a σ-ideal I (i.e., σ(I) ⊆ I) of a ring R, I is called a σ-rigid ideal of R if aσ(a) ∈ I for a ∈ R implies a ∈ I [10] . Obviously, R is a σ-rigid ring if and only if the zero ideal of R is a σ-rigid ideal. If R is a σ-rigid ring, then N * (R) is clearly a σ-rigid ideal, but the converse does not hold in [10] .
Following [18] , for integers i, j with 0 ≤ i ≤ j, let f A (σ, δ)-ideal means that it is both a σ-ideal and a δ-ideal. For a (σ, δ)-ideal I of a ring R, we will call I a (σ, δ)-rigid ideal of R if af
. We call a ring R nil-Armendariz of the Ore extension type (resp., nil-Armendariz of the skew power series ring type) (2) is the similar to the proof of (1), combining Proposition 3.8(1) and [10, Proposition 3.14] .
